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METHODS OF APPLIED MATHEMATICS COMPREHENSIVE
EXAMINATION AUGUST 2015

Work on as many of the following problems as possible. Turn in all your work.

(1) Consider two bodies of mass m, and my, respectively, joined by a spring of
constant k, in collincar motion along the z-axis of a cartesian frame in IR?, If
the position of the first body is at z = r(¢) and the second is at z = ry(t),
write down the evolution equations given by Newton's second law for these
functions of time £, when both bodies are immersed in a gravitational force
field F = ~GM,m;/r?, j = 1,2, where r is the distance between the j-th body
and the Earth’s center, M, are the Earth’s and body’s mass, respectively, and
G is the universal gravitational constant.

(a) Non-dimensionalize the equations of motion; assume ¢ = mg/m; <« 1,
with A, > my, and that the initial separation h between the two bodies
is 0 < h=1r(0) — r2(0), with h < ,{0).

(b) Neglecting gravity, find the solution of these equations corresponding to
zero initial velocities.

(c} Write an asymptotic expansion of the equations of motion, and find the
leading order terms of their solutions in the absence of gravity.

(d) Assuming that the Earth is shrunk to a point at the origin and the grav-
itational interaction between m; and m, is negligible, find the leading
order terms of the motion equations when gravity is included, and sketch
the leading order solutions noting their time scale of validity.

(2) Consider the following function of the complex variable z in the complex plane

1 1
)= ——atan | ———| :
/) z¢ -1 ( 22—1)

(a) Classify all singularities and propose branch cuts, if necessary, to make
the function single valued on appropriate domains.
(b) Discuss the convergence of the real integral

1
1 1
——— atan | ——— | dt
/_1 V| =12 (Vl—tz)
as a function of the real parameter a.
(c) Propose a strategy for computing the real integral when a = 1 based on
the study of the function f(z). Discuss your proposal even if you cannot
carry out all the steps to evaluate the value of the integral, if it is finite,

{3) Consider the rapidly varying diffusivity:
K(z,y;e) = A+ F(z/e*) + G(y/e)

where A is chosen to guarantee /(' is positive, and e is a small constant. By
applying iterated homogenization, average the following diffusion cquation
subject to the rapidly varying “potential” V(z/e?) > 0

du 0 . Ou d N x
%= o (Kﬁ.m,y,e)a’r) + 3y (I((z,'e ,e)%) +V (52) u

u{z,y,0) = uo(z,v),
1



by computing a leading order effective equation governing the evolution as
¢ = 0 over the (z,y)-plane, assuming the functions F(x), V{x) and G(y) are
mean zero, periodic, and share the same period. Solve the averaged equation
in [ree space.

(4) Consider the dih-order ordinary differential equation on the real line z € R,
dly
dzt

(a) By using a contour integral representation in the appropriate complex
Laplace-image plane, discuss whether solutions decaying as |z| — oo
exist.

(b) Find the leading order asymptotic expansion of one of these solutions as

z — 00 by appropriate deformations of the contour integral representa-
tion.

=Ty.

(5) Consider the eigenvaluc problem on the real line z € R
ey’ + (cos?(z) + ANy =0, y(z) <oo, as |z|—= co.

(a) Tdentify the range of A for bounded cigenfunctions to exist.
(b} As e — 0 compute acceptable solutions by WI(BJ approach in this limit.

(6) Find two term asymptotic expansions as ¢ — 0 for all roots of the equation:
ezl 4+t —2241=¢
(7) Consider the following initial value problem for the equation
u + (g + T)u, = cuu,, u(x,0) = up(z) ,

where € is a fixed nonzero small real paramcter.

(a) Solve with the method of characteristics for ¢ = 0 and all times ¢ > 0 on
the real line x assuming the initial condition up(z) is a “nice” function
decaying as |z| — oco.

(b) Set up a regular perturbation expansion for u(:,-,¢) and find the first
corrcction to the leading order solution found above.

(8) {a) Explain the difference between pointwise convergence and asymptotic
convergence. Illustrate with the particular example of power scrics.

(b) Consider the map that associates to a function f(z) its asymptotic ex-
pansion as z — zp, where zp is a point of the complex plane, including
infinity. Thus f(z) ~ gn(z) where

S £(2) = an(2)
; 0 q —gniz) .
gn(z) = ann(z), with lim [——————=| =0,
2, | gn() |
for some sequence of order functions ¢,(z), 7 =0,..., N. Is this mapping

invertible? Discuss and illustrate with exatnples.
(c) Is thc mapping associative? Is it distributive? Discuss.
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