Fall 2014 Scientific Computation Comprehensive Exam

Answer 5 questions of your choice explaining all steps that lead to a solution. Partial credit will be
awarded for presenting a viable solution strategy. No credit will be given to computations presented
without explanation of the adopted approach.

1. Find the quadratic polynomial which is the best approximation to f(z) = 2" in Lp[-1,1}.

2. For a given smooth function f € C=(0, 1], let A=1 /n and consider the composite midpoint rule
1 n
1) = [ flada = 135G~ 1/20) = QU
0 i=1

a) Prove that

I =Q(fin) + 21—4(2( ) + 1—932—01:9( F4 )t 1+ O,

HS") = QU"m) + 57QU D, k2 + O(hY),

and

1) = QU™W, n) + 0.

b) Prove that
I(f) - Qf n) = arh® + agh' + O(h").

Find explicit formulas for a; and ax.

¢) Assume that f(z) is also periodic with fundamental period 1, discuss the convergence of the
composite midpoint rule.

3. Consider the initial value problem

y'(t) = f(t, ). »(0) =e,
and the lincar multistep mothod with constant step size i

Ynsa + Wns1 = 5yn = M(Afnr1 + 2fn),
where ¢, =n+h and f, = [{tu, 1)
a) Assume yn = y(ts) and ynp1 = Y(tnt1): show that
|tz = Y(tnsa)l < ChY,
for some constant C > 0 independent of &, provided that f (t,y) is sufficiently smooth.

b) Given the initial data yo = a and ¥ = a + f(0,a)h, show that for general smooth functions
f(4, ), the linear multistep method may generate poor approximation to the analytical solution.
Explain why.
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4. By analogy to the polar form of complex scalar z = ¢*?p € €, consider the polar decomposition
of A€ C™" m 2n, a5 A = UP, with U € C™™ 5 matrix with orthonormal columns, and
P € C*** a positive semidefinite Hermitian matrix.

a} Prove that the polar decomposition exists, and is unique if A is nonsingular,
b) Use the polar decomposition to solve the least squarcs problem

min [fAz - bjg,

T e C", b c (‘Dm.

5. The Lanczos algorithm resuits from incomplete reduction of A € R™*™ 4 symmetric, to
tridiagonal form

A=QTQT,

with @ orthogonal, T tridiagenal. Following the same approach, write the unsymmetric Lanczos
algorithm resulting from the factorization of i € R™*™

B=PTQ7,

P, Q orthogonal, T tridiagonal.

6. Consider the differential equation problem

" 40w = sinmc
u(:z: = 0) = 0
u{z = 1) = 0,

a) Using a uniform mesh of size & and the centered difference scheme, derive the diseretized non-
lincar algebraic system for the discrete solution u = (uy ... un] of the form

AU+ F(U) = 0.
Identify 4, F, and each cquation explicitly.

b) Describe the details of how Newton’s method can be used to solving this nonlinear systens.
Discuss the algorithm’s efficiency.

c) Assume that a solution exists for all values of o. Write a numerical algorithin to compute a
that maximizes u(z = 1).
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